A one-step scheme is constructed, which, as the Milstein scheme, has the strong approximation property of order 1; in contrast to the Milstein scheme, our scheme does not involve the simulation of iterated Itô integrals of second order. 
Introduction
Numerical integration of SDE consists, an SDE being fixed, in producing a discretization scheme leading to a pathwise approximation of its solution. In this work we discuss the related problem of how to establish a Monte-Carlo simulation to a given real strictly elliptic second order operator L, which leads to good numerical approximations of the fundamental solution to the corresponding heat operator.
Of course many SDE can be associated to L, each choice corresponding to a parametrization by the Wiener space of the Stroock-Varadhan solution of the martingale problem associated to L. For applications to finance all these parametrizations are equivalent. We shall prove that there exists an optimal parametrization for which the one-step Milstein scheme does not involve the computation of iterated stochastic integrals of second order. For our search of an optimal parametrization we have to describe the possible parametrizations of the diffusion associated to L; it is sufficient to solve this problem for the Euclidean Laplacian on R d ; in this case it is equivalent to replace the standard Brownian motion W on R d by an orthogonal transform W with an Itô differential of the type 
Throughout this Note we assume ellipticity, that is, for any ξ ∈ R d the vectors A 1 (ξ ), . . . , A d (ξ ) constitute a basis of R d ; the components of a vector field U in this basis are denoted U, A k ξ which gives the decomposition
. By change of parametrization we mean the substitution of W by W in (2); we then get an Itô process in W . This change of parametrization does not change the infinitesimal generator associated to (2) which has the form L = 
Definition of the scheme S
Denote by t ε := ε × integer part of t/ε; we define our scheme by 
the Monge transport norm (see [8, 5] ) is defined as [7] for the elliptic operator L; let ρ S be the measure obtained by the scheme S with initial value Z W ε (0) = ξ 0 . Then
Remark. The proof of Theorem 2.1 will provide an explicit transport functional Ψ 0 which puts the statement in a constructive setting; the constant c is effective.
The Milstein scheme
The Milstein scheme for SDE (2) (cf., for instance, [6] , formula (0.23) or [2] , p. 345; see also [3] ) is based on the following stochastic Taylor expansion of A k along the diffusion trajectory:
. It is well known that the Milstein scheme has the following strong approximation property:
The numerical difficulty related to the Milstein scheme is how to achieve a fast simulation of R. The purpose of this work is to show that by a change of parametrization this simulation can be avoided. 
Horizontal parametrization
The structural functions are antisymmetric with respect to the two lower indices. Consider the connection functions, defined from the structural functions by 
. ., d, as follows:
Denoting for a vector Z on M by Z H its projection on R d , we have: 
Proposition 4.2. Denote m W (t) = (ξ W (t), e W (t)), then e W (t) is an orthogonal matrix for t 0, and
Proof. We compute the stochastic differential of e T e: 
The first two terms of the drift are computed by using the definition ofÃ 0 :
. Write e T e = Id +σ , then the drift takes the form −(σ J + J σ )/2. We compute the coefficient of dW m : 
Eq. (10), together with Eq. (8), gives an SDE with local Lipschitz coefficients for the triple (ξ, e, σ ); by uniqueness of the solution, as σ (0) = 0, we deduce σ (t) = 0 for all t 0. ✷
In terms of the new
R d -valued Brownian motion W defined by d W k (t) := [e W (t)] k dW , we have dξ W = k A k ξ W (t) d W k (t) + A 0 ξ W (t) dt.(11)
Reconstruction of the scheme S
We want to prove that our scheme S is essentially the projection of the Milstein scheme (ξ W ε , e W ε ) for the solution m W = (ξ W , e W ) of the SDE (8) . In order to write the first componentξ W ε we have to compute the horizontal part of ∂Ã kÃ j , which has been done in the proof to Proposition 4.1: we get
where
Consider the new process ξ W defined by 
